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Games and probabillity distributions

We consider two player games

G = (N, {SX}XGN, {PX}XEN)

where:
N = {A, B} is the set of players
S, =1{4,,4.}, Sy = {B,, B;} are possible pure strategies

Py:Sy x Sp — {v& e R |i,j = 0,1}, X = A, B, are payoff functions,
represented by the game bimatrix

((Uéqo» V(])go) (U641» V(])31)>

(77140» Vfo) (Ufp 77{31)

Let

A(Sy X Sp) = {Zi,j=0,1 0i;A;B; | Oij =2 O'Zi,j=0,1 Oij = 1}

be the set of probability distributions over S, x Sg



Mixed strategies and Nash equilibria

If the set of probability distributions can be factorized

_ 040B UA(l - UB)

(000 001) _ < )
010 011 (1-0y)0 (1-0)(1—-03)
they define mixed strategies o,, oz€ [0,1].

The mixed classical game is

G™* = (N,AS,, ASg, AP,, APy)
where A(Sy) = {oxXy, + (1 —0x)X; | 0 < 0y < 1} =[0,1].

Mixed strategies form a subset of all probability distributions
AS, x ASp c A(S, X Sg)
The pair of strategies (o4, 05) € AS, X ASy is a Nash equilibrium iff
AP, (o), 05) = AP,(04,04) and APg(o),05) = AP; (04, 03),

foreach o, € ASy, X = A,B



Pareto optimality
and correlated equilibria

A pair of strategies (o4, 03) € S IS not Pareto optimal in S if there exists
another pair (g,',05") € S that is better for one of the players and not

worse for the other. Otherwise (o,,05) € S is called Pareto optimal.

Probability distribution {a;;} _ |
of the game G is a correlated equilibrium iff

over set of strategies (4;, B;); j=o1

A A B
Zj=0,10ij Vij 22]':0,1%' V_ij and Z] =0,1 9ji Vji ZZ, 0,1 9ji Vj(-i)

where —i # i IS the index if the remaining strategy.



Efficiency of selected classical games
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Payoff B

Efficiency of selected classical games
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Quantum games

The quantum game in Eisert-Wilkens-Lewenstein quantization
scheme is: (Eisert et al, PRL 83, 3077 (1999)

lCgwr = (N: {UX}XeN» {HX}XEN)
where:

N = {A, B} is the set of players

U, =U(8,,as L), Ug = U(O, ag, f5), are unitary transformations
(quantum strategies)

[,:SU(2) x SU(2) = R are payoff functions:

HX(UA; (7B) — Zi,j:O,l |pij|2 Uin, X = A, B, where

,_Ba Bp 6y . Op
|Poo|” = cos7c057cos(0{A + ap) + 51n751n751n(,8A + B5),
6
1po1|? = cos%sin%cos(cxfl — Bg) + sin7Acos7Bsin(aB — Ba),
5 0r  Op . U4 B
|p1o]® = cos7sm751n(ch — Bg) + 51n7c057cos(a3 — Ba),

2 HA QB . . A . B
lp11]° = cos7c05751n((xA + ap) — sm?sm7cos(ﬂA + B5).



EWL approach

The quantum EWL approach to the game is

Player A
U
7 A \
hbo) ﬁ' —)-|1[)f>
\ 2 /

Player B

100) =

\.._,‘)

where: |00) is the initial state

J= \/%(IA +i0,®0,).JT are the entangling, disentangling operators,

; 0 . i . 6
R e'%X cos =+ iethx sin—-
UX(HXJ aXJﬁX) =\ . . Ox . 0 , X =A4,B,
ie~thx sin—=  e™""X cos—

|¢f> = Xij=01DPij |ij), is the final state defining the game payoffs



Quantum strategies

Strategies U, = U(0,, a4, B4) and Uy = U(63, ag, Bz),

UX(QX» ay, Bx) = (

. By .. O
iePx sin X | _
_ o, | are generated by Pauli strategies:
—lax hal?: §
e COS >

: 0
el?x cos =X

C _inl .0
ie lBXsm?X

P=00008)=(3 ).
ﬁsz(nan)—(Ol _i),
T’;=U(nan/2)—((1) _)
B, =0(0,m/2,p) = ((‘) _l.)
where

= 05=G u=( 2

are Pauli matrices



Classical limit of the quantum game

o m= ((1))

Le us assume a = =0, in this case
0 +(%)

. 0 . -
U(o,0,0) = COSEI + isinEJx }v'”
: : : : 50 *LJ P 0
IS equivalent to the classical mixed strategy R i
x ) y
B 9=(9)
7] 7]
2 Y8 2B
coS > Sin 5
2 O
< COS > (@0, boo) (ao1, bo1)
2 04
Sin ) (a10, b10) (a11,b11)
and the payoff is O =0 Op =T
04 Op 04 Op
= a(b) gy cos? —cos?— + a(b)y cos? —sin®? —
$48) = a(b)oo > > (b)o1 > >
04 Op

+a(b)qo sin? 7’4 cos? 7B + a(b),, sin? - sin? -



EWL with Frgckiewicz-Pykacz
parameterization

Let us restrict the set of quantum strategies to

. 0 . 0
e”1Px cos=  —eiPx sin7X

ﬁX(HXI ¢X) = 9}3 0

AR
=03 =G o)
B=0m0=(] )
2 =0(05)=(p 2)

* In this parameterization, Nash equilibria in pure strategies are possible

« F-P parametrization is invariant with respect to strongly isomorphic
transformation of input games



Quantum game In Pauli strategies

The payoff matrix of Pauli strategies in the EWL scheme

Player B

—_—

Py 7 P, P,

(aOOr boo) (a01, b01) (310» b1o) (311» b11)
(a1o:b1o) (311;b11) (aOOrbOO) (301»b01)
(301: b01) (aoo: boo) (311; b11) (310; b1o)
(311:b11) (a1o»b10) (a01,b01) (aOOrbOO)

Player A
D) SO 5O 59)

one can construct mixed Pauli strategies defined by quadruples of
coefficients:

AUy = A(Uyx) = {Za:O,x,y,z O-o)z(p; | 0 < O-c)r(; Za=0,x,y,z O-C)r( =1}, X=4,B,



Quantum Mixed Equilibria
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Payoff B
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Quantum Computer

https://quantum-computing.ibm.com/

IEM Quantum Experience
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Conclusions

In some games the set of mixed strategies is a proper
subset of the set of probability distributions

Correlated equilibria significantly improve paretoefficiency
of Nash equilibria

Quantum games give players new strategies not available
In classic games and strongly depend on the
parameterization used

Nash equilibria of quantum in mixed strategies are close
to paretoefficiency of correlated equilibria

FP parameterization provides a strong isomorphism of the
guantum game and gives the same Nash equilibria in
mixed strategies as full SU(2) parameterization of EWL



